We study a six-dimensional vector-tensor gravitation theory compactified to M4 × S 2 . Here, static spherically-symmetric solutions to the field equations of the theory are investigated. We examine the case that the magnetic charge of the "black hole" is small compared with that located in the "center" of the extra sphere. The Hawking temperature of the black hole is calculated in a simple case.
Introduction
It becomes more than one half of a century since Th. Kaluza presented a beautiful idea of attributing the gauge symmetry to the symmetry of compact space [1] . In 80's, many people have quested for the possibility of identifying the non-Abelian symmetry with the isometry of the extra spaces [2] .
A difficulty in the program of generating non-Abelian symmetry by a compact space is the fine-tuning of the four-dimensional cosmological constant, which arises after compactification. This is due to the inevitable positive value for the scalar curvature of the extra compact space with the non-Abelian isometry.
In recent years, many physicists studying unified theories regard that gauge symmetry as a built-in entity in string theory [3] . The present authors, however, believe that the non-Abelian Kaluza-Klein idea is too beautiful to be discarded.
To realize the non-Abelian Kaluza-Klein scenario without the cosmological constant problem, we suppose, a new action for gravitation is needed which possesses some kind of higher symmetry than that of the Einstein-Hilbert action.
The present author [4] and others [5, 6, 7] have considered the Gauss-Bonnet action in higher dimensions. It has turned out [6, 7] that there is no cosmological constant problem, moreover, no ordinary gauge fields and/or gravitons! The Gauss-Bonnet gravity in six dimensions has an infmite number of massless (extraordinary) "gravitons" with mutual interaction if compactified to M 4 × S 2 , where M 4 is the four-dimensional Minkowski spacetime and S 2 is the extra sphere [7] . The massless fields are expected to be associated with an infinitedimensional algebra. The symmetry is unfortunately too big for our present purpose.
Six-Dimensional Vector-Tensor Theory
Thus we should examine the model with less symmetry. The present author and Katsuhiko Yoshida (he also is a student of T.K.) have presented a new vectortensor theory in higher dimensions [8] . The action for the theory is Horndeski's type, i.e., a special, non-minimal combination of spacetime curvatures and U (1) field strengths [9] : The Lagrangian density is given by
where the totally-antisymmetric Kronecker's symbol is defined by
Note that the lagrangian (1) is linear in the spacetime curvature. It is not so difficult to see that the U (1) current is conserved in the theory.
We consider the six-dimensional spacetime M 4 × S 2 as a background spacetime. The kinetic terms for graviton and Yang-Mills fields appear in four dimensions if we assume magnetic flux on the extra sphere, a la Randjbar-Daemi et al. [10] . Let us see this. Consider static Kaluza-Klein ansatz for a background spacetime [11] ,
where e α is a vierbein which is expressed by functions of only four-dimensional coordinates, while e a is a zweibein in the extra sphere which is assumed to be independent of the four-dimensional coordinates. The constant b is the radius of the extra sphere.
Similarly, we assume the magnetic flux of the U (1) vector field [8, 10] 
where G stands for a magnetic charge. Substituting these ansatz into the Lagrangian (1), we get
where R (4) is the curvature scalar in the four-dimensional spacetime and the
Note that the relative sign of the coefficient of Yang-Mills term is same as that of common Kaluza-Klein theory (derived from the Einstein-Hilbert action), while the magnitude of the coefficient differs from usual one. The contribution of the curvature of the extra sphere is cancelled, so the cosmological constant problem does not arise.
We have previously considered cosmological evolutions of scale factors when the scale of the extra space has time-dependence8. The behavior of the evolution is found to be much alike the one of the five-dimensional Kaluza-Klein theory and never looks de Sitter-like expansion in the presence of some normal types of matters [8] .
A major objection to this model of vector-tensor theory is the ghost-like behavior of the U (1) vector field in four dimensions; a negative coefficient of a kinematic term for the vector field arises from the S 2 compactification. In order to mend this point, however, we should not add the usual Maxwell term in six dimensions; it would induce a four-dimensional cosmological term if the magnetic flux exists in the extra space [10] . Compatibility of no cosmological constant and no ghost-like vector field can be attained by introducing an additional action of higher order in the field strength for the vector field.
Thus we add the following O(F 4 ) term in the Lagrangian density:
Here the constant β has a dimension of length. Again, this Lagrangian ensures the conservation of the current coupled to the vector field. Further the magnetic monopole configuration still satisfies the field equation derived from the action. The cosmological model deduced from the Lagrangian L G + L V is unchanged from those reported in ref. [8] . Incidentally, the Lagrangian of this type has been shown to have a huge symmetry in a special limit of the compactification length [12] .
Black Holes in Six-dimensional Vector-Tensor Theory
In this section, we study static solutions in the vector-tensor theory. As a simplest case, we consider nonsingular, spherically-symmetric, magnetic black holes. Now, let us find static solutions with spherical symmetry in the system consisting gravity and the vector field, which is governed by the Lagrangian
A static spherically symmetric metric with the extra space S 2 can be written by
where dΩ 2 = dθ 2 + sin 2θ dφ 2 denotes the line element of a sphere with a unit radius. b 0 is a constant, which stands for the asymptotic value of the radius of the extra sphere. We propose the following asymptotic behavior of F , R, and b at spatial infinity:
We chose the block diagonal form in (8) , and then SU (2) Yang-Mills fields which arise in four dimensions are set to zero in the present analysis.
For the U (1) magnetic field strengths, we make the ansatz
where g and G are magnetic charges of the "black hole" and of the extra sphere, respectively. The reason for we take the ansatz (8) with the conformal factor is to simplify the equation of motion. Similar conformal transformations of four-dimensional metric are known to make the leading term of the gravitational Lagrangian in four dimensions the Einstein-Hilbert lagrangian [13, 14, 15] .
To get a positive sign in front of the kinetic term for the vector field in four dimensions, we require β 2 > b 
where where the prime denotes the derivative with respect to r. We will solve Eqs. (10-12) with a perturbation expansion in (g/G) 2 ≡ γ 2 , which is assumed to be small. This expansion is equivalent to the expansion in b 2 0 , up to the first order we will treat.
At zeroth order, the solution is given by
where r + is an integration constant and r − =
The horizon is located at r = r + .
To first order in γ 2 , we choose
We find the solution at the first order and large r:
Unlike the analysis of the black holes in string theory with higher derivatives [14, 15, 16] , the first order functions µ, ρ and η cannot be written in closed forms because the zeroth order solution has a non-polynomial form. Now, let us examine the mass of the black hole. At zeroth order, the metric can be written as
The corresponding Hawking temperature is independent of the conformal factor, say e 2ϕ , when it is expressed in terms of r + and r − . It can be derived from the regularity at r = r + in euclidean spacetime with periodic time. If we further assume r − ≪ r + , we obtain at first order:
Therefore, the Hawking temperature is expressed in terms of the masses in each metric as follows:
We prefer the choice ofḡ µν as the physical metric, for the equivalence principle holds in the primitive way, i.e.,M G =M I . Then the relation between Hawking temperature and mass is unchanged when the correction of first order in γ 2 is included, provided that r − ≪ r + .
Summary
To summarise: Magnetic black holes in our model of the vector-tensor theory in six dimension have similar properties as the charged dilatonic black holes in string theory [14, 15, 16] , in which higher-derivative couplings and the dilaton exist. Since SU (2) gauge fields appears in four dimensions in our model, the future subject to study is the investigation of the non-Abelian charge of the black holes in the vector-tensor model. The study on non-linear interactions of "electromagnetic waves" in the compactified model is to be studied.
